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ture in the presence of external dc or ac voltages is derived in the framework of the scattering matrix approach.
A detailed analysis is performed for a magnetic-nonmagnetic-magnetic trilayer connected to external leads in
the presence of dc voltage bias in the ballistic regime. Alternatively, the possibility of producing spin torque by
means of the adiabatic ac modulation of external gate voltages �quantum pumping� is proposed and discussed.
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I. INTRODUCTION

Multilayers of alternating magnetic �generally ferromag-
netic� and nonmagnetic metal layers have recently attracted a
lot of attention because of giant magnetoresistance �GMR�
and spin-valve effects. In fact their electrical resistance de-
pends strongly on whether the moments of adjacent magnetic
layers are parallel or antiparallel and this effect has allowed
the development of new kinds of magnetic memory devices.1

The origin of the GMR effect is the stronger scattering of
conduction electrons by a magnetic layer when their spins lie
antiparallel to the layer’s magnetic moment compared to the
case when their spins are parallel to the moment, while spin-
valve effects originate from the spin-dependent reflection
and transmission amplitudes at the interface between
nonmagnetic/magnetic layers. Thus the orientations of mag-
netic moments can affect the flow of electrons but as a re-
ciprocal effect a polarized electron current scattering from a
magnetic layer can affect the moment of the layer itself. In
fact, as proposed by Berger2 and Slonczewski,3 an electric
current passing perpendicularly through a magnetic
multilayer may exert a torque on the moments of the mag-
netic layers. This effect is known as spin transfer and may
alter the magnetization state of the layer. Of course this is a
different mechanism from the effects of current-induced
magnetic fields and offers the possibility of realizing new
kinds of magnetic devices. Importantly, it can serve as a
mean to detect the spin dynamics at nanometer scale and
measure spin currents. However, in order to utilize these ef-
fects in real devices, it is necessary to achieve a quantitative
understanding of spin-current-induced torques and also pro-
vide different ways for their generation.

In the present literature a semiclassical Wentzel-Kramers-
Brillouin approximation with spin-dependent potentials in
one-dimensional �1D� systems has been proposed in Ref. 3.
A generalization of this study has appeared in Ref. 4 and an
extension of this calculation to take into account the band-
structure effects on the degree to which an electron is trans-
mitted through a magnetic/nonmagnetic interface has been
proposed by Brataas et al.5 by means of the kinetic equations
for spin currents and by Waintal et al.6 by using a Landauer-
Büttiker-type of approach. A first-principle theory based on
the spin-mixing conductance appeared in Ref. 7. The spin-

transfer torque has also been analyzed in magnetic tunnel
junctions by first-principles electronic-structure calculations8

or by Boltzmann equation9 and recently it has been revisited
in the Stoner model by scattering theory10 and in spin valves
by first principles with the aid of scattering wave function.11

Ab initio studies of the spin torque in GMR junctions are
reported in Ref. 12.

Here we present a general formalism based on the scat-
tering matrix approach to calculate the torques in a quasi-
one-dimensional magnetic layered structure in the ballistic
regime. Then we use this formalism to make an explicit cal-
culation for a magnetic �M�-nonmagnetic �NM�-magnetic
�M� trilayer connected to two metallic external leads. In this
case the ballistic regime is characterized by a spin-diffusion
length ls and a mean-free path lm larger than the NM spacer.
We perform first the calculation in the presence of a dc volt-
age bias applied to the leads, or equivalently for currents
perpendicular to the microstructure, then we propose an al-
ternative way of achieving a spin torque by the adiabatic ac
modulation of two system parameters �in our case the barrier
heights at the M-NM interface�, i.e., by a quantum pump
mechanism.13 The organization of the paper is the following:
in Sec. II we introduce the model Hamiltonian and the gen-
eral expression for the spin torque and the torkance. In Sec.
III we develop the scattering matrix approach generalized for
the calculation of the spin torque in a magnetic layered struc-
ture. In Sec. IV we discuss the adiabatic quantum pumping
of spin torque, while in Sec. V we present the results for a
specific system, a trilayer of M-NM-M metals connected to
two nonmagnetic leads. A quantitative analysis of the tor-
kance is presented both in the case of a dc bias applied to the
external leads and when a quantum pump mechanism is ac-
tivated. Section VI is devoted to the analysis of the spin
torque generated in the spin-valve case on the free layer un-
der dc or ac forcing terms. The two ways of generating a spin
torque present some differences that are comparatively dis-
cussed. These differences could be important for the realiza-
tion of new magnetic devices.

II. MODEL AND FORMALISM

Let us consider a 1D system whose Hamiltonian is:
H=− �2

2m�x
2+V�x ,�� �, where V�x ,�� � is some spin-dependent
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potential operator. The field operator describing the electron
state �, obeys the Schrödinger equation H� �= i��t� and

�†H� =−i��t�
† and the time evolution of the electron charge

density �=�†e� is determined by the Heisenberg equation:

�t��†e�� =
ie

�
��†�H� − H� ��� = − �xJ , �1�

where J=�†ev̂� is the current density while v̂= i�
2m ���x−��x�

is the velocity operator along the x direction. From Eq. �1�
the well-known continuity equation �t�+�xJ=0 is obtained.

In an analogous manner, the time evolution of the spin
density S�=�† �

2 ���, �= �x ,y ,z� ��� are the Pauli matri-
ces�, can be derived

�tS� = − �xJ�
s + ��. �2�

Here J�
s =�† �

2 ��v̂� is the �th component of the spin-
current density14 and �� is the density of spin torque. When
the spin-dependent potential describes the Zeeman interac-
tion between the spin and a magnetic field along the direc-
tion n̂�x�, V�x ,�� �=��x�n̂�x� ·�� , the density of spin torque is
explicitly given by

�� = ��x��†�n̂�x� 	 �� ��� =
2��x�

� �n̂�x� 	 S���.

When ��x�=0, the spin-torque term vanishes and a conti-
nuity equation is obeyed by the spin currents, �tS� +�xJ�

s=0. In
the case of a system in which a magnetic central region
x� �−a ,a� is connected to two external nonmagnetic leads,
under the stationary condition for the spin current �i.e.,
�tS� =0� the spin torque per unit of area can be calculated by
spatial integration of the equation �xJ�

s =�� along the x direc-
tion

J�R
s − J�L

s = �
−a

+a

dx�� = T� , �3�

where J�R/L
s =J�s�
�� is the value of the current at infinity. The

above result tells that the spin torque per unit of area is due
to the difference of the spin currents on the right and on the
left of the magnetic scattering region. In the following sec-
tion we analyze the spin-torque transfer within a scattering
matrix approach.

III. DENSITY OF SPIN CURRENT WITHIN THE
SCATTERING APPROACH

In order to calculate the spin torque through a magnetic
region we employ the scattering matrix formalism of Ref. 15
and consider a single-channel approximation to simplify the
derivation. The S matrix connects the outgoing states to the
incoming states through the relation

b�
� = �

��


S���
�
 a��


 , �4�

where b�
� and a�

� are the scattering operators for the outgoing
and incoming states, �=
 is the spin index,
�= �left ,right� represents the lead index, while the S matrix
must be unitary, i.e., S†S=1. The quantum field representing

the electron state in the lead � can be expressed in terms of
the scattering operators as follows:

���x,t� = �
�
� dE���E�exp	− i

E

�
t
��� 	 �eikxa�

��E�

+ e−ikxb�
��E�� , �5�

where ���E�= �
2��v��E��−1 is the density of states of lead
�, v��E� is the velocity of the electrons with wave vector
k=
2mE /� and the velocity is chosen to have positive ori-
entation for the incoming states. The spin-current density
J�s=�† �

2 �� v̂� can be calculated with the approach of Ref. 15
and the result is

J�,�
s =

1

4�
� dEdE� exp	i

�E − E��
�

t
 	 �a�†�E���a��E��

− b�†�E���b��E��� , �6�

where the following spinorial representation has been intro-
duced

a� = �a+
�

a−
� � �7�

while a�†= �a+
�† ,a−

�†�. Using the relation �a�
�†�E�a��


 �E���
=��
������E−E��f
�E� and Eq. �4�, f
�E� being the Fermi
function of the lead 
, the �th component of the spin-density
current �J�,�

s � in the lead � can be written as16

�J�,�
s � = −

1

4�
�


� dE Tr�S�
†�E���S�
�E��f
�E� �8�

while using Eq. �3� the spin torque per unit of area T�

=�dx�� is

T� =
1

4�
�

�
=L,R
� dE Tr�S�
†�E���S�
�E��f
�E� . �9�

When a dc voltage bias V is applied to the external leads,
changing their chemical potentials in �l,r=EF
eV /2, the
variation in the spin torque with respect to the external per-
turbation w=eV /2 can be written as �wT�=�wT��w in the
linear-response regime. It is determined by the torkance
�wT�=T�. Using Eq. �9� and taking the zero-temperature
limit, we explicitly have17

T� = �wT� =
1

2�
Tr����S21S21† − S12S12†���E=EF

. �10�

The torkance along the generic direction defined by the unit
vector n̂= �nx ,ny ,nz� is obtained as n̂ ·�wT� . Equation �10� de-
scribes the magnetic answer of the system to an external dc
voltage.

IV. ALL ELECTRICAL GENERATION OF SPIN TORQUE
BY QUANTUM PUMPING

In this section we discuss the generation of spin torque by
means of ac external gate voltages. In particular, we gener-
alize the notion of quantum pumping of charges due to
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Thouless13 to the spin torque. In a quantum pump a dc par-
ticle current is generated by the ac adiabatic modulation of at
least two out-of-phase independent parameters of the system
�e.g., local magnetic fields or gate voltages� in absence of
bias. In our calculation we will show that since pumping
procedure in a magnetic layered structure can generate spin
currents other than charge currents, a spin torque is generated
by the gradient of spin current �see Eqs. �2� and �3��. In
particular, we focus on the system of Fig. 1 in which a mi-
crostructure made of a central nonmagnetic region �NM� is
connected to two external nonmagnetic leads �LL and RL�
through magnetic layers �M1 and M2� �whose width is taken
less than the de Broglie wavelength�. Applying the idea of
pumping, we modulate in time the barriers heights at the
interface between the M-NM regions by the top gates G1 and
G2. In the presence of this ac modulation the scattering ma-
trix S depends explicitly on time and the relation between
incoming and outgoing states is

b��t� = �


� dt�S�
�t,t��a
�t�� , �11�

where the spin indices are absorbed in the spinorial notation
�see Eq. �7��. When the gates are varied adiabatically in time,
an instantaneous approximation can be made, i.e., S�
�t , t��
=��t− t��S�
�t�, and thus b��t�=�
S�
�t�a
�t�. Since the time
dependence of the scattering matrix S�t� is induced by two
external parameters of the form

X1�t� = X1
0 + X1

� sin��t� ,

X2�t� = X2
0 + X2

� sin��t + �� , �12�

then S�t�=S�X1�t� ,X2�t��. In particular, when the amplitude
of the ac parameters is small, i.e., X1,2

� �X1,2
0 , the scattering

matrix can be expanded as follows:

S�
�t� � S0
�
 + �

�=
1
s�

�
ei��t, �13�

where �=2�� is the angular frequency of the adiabatic
modulation and the matrices s�

�
 are given by

s� = −
i�

2
�X1

���X1
S�0 + X2

�ei����X2
S�0� . �14�

The Fourier transform of Eq. �13� is then:

S�
�E� = 2�	S0
�
��E� + �

�=
1
s�

�
��E + ���
 . �15�

Consequently, the relation between the outgoing and incom-
ing states in the Fourier space takes the following form

b��E� = �


	S0

�
a
�E� + �
�

s�
�
a
�E + ���
 . �16�

Using Eq. �16� in Eq. �6� the � component of the spin torque
per unit of area is given by

T� =
1

4�
�
��


� dE Tr�s�
�
†��s�

�
�f
�E + ��� . �17�

Since no bias is present between the leads f
�E�= f�E�, and
in the zero-temperature limit, the �th component of spin
torque per unit area to leading order in the adiabatic fre-
quency � is

T� = −
��

4�
�
�
�

� Tr���s�
�
s�

�
†� . �18�

Above all terms independent from the external perturbation
have been dropped thus the coefficient of �� in Eq. �18� is
the equivalent of the torkance in the case of dc bias T�

=T� / ��� /2�. Using Eq. �14� the torque can be rewritten in
terms of the parametric derivatives of the scattering matrix as

T� =
��X1

�X2
� sin���

8�
�
�


Tr�A�
�
 + A�

�
†� , �19�

where we introduced the quantity A�
�


= i��X2
S�
†�0����X1

S�
�0. Equation �19� represents the torque
pumped in a magnetic system and, in principle, could be
very different from the one induced by a dc voltage. In the
following we perform the explicit calculation for the system
of Fig. 1.

V. SPIN TORQUE IN M-NM-M SYSTEMS

Here we analyze the spin torque generated in the system
of Fig. 1 in the linear-response regime and in the following
two situations: �i� in the presence of a dc voltage applied to
the external leads; �ii� in the absence of bias and using a
quantum pumping procedure. The central NM region is con-
nected to two external leads via the thin magnetic layers M1
and M2 and without loss of generality we choose the mag-
netization of M2 parallel to the z axis while the magnetiza-
tion of the region M1 has arbitrary direction. The distance
between the two magnetic barriers is taken 2a and their
height is controlled by the top gates G1 and G2. A minimal
model for the system above is given by the following Hamil-
tonian

H = −
�2

2m
�x

2 + Vm�x,�� � + U�x� , �20�

where U�x�=g1��x+a�+g2��x−a� is the barriers
potential at the interface between M-NM region while
Vm�x ,�� �=�l��x+a�n̂ ·�� +�r��x−a��z represents the mag-

FIG. 1. �Color online� Schematic representation of the quasi-
one-dimensional NM/M/NM/M/NM system described in the main
text. The spin current flows along the x direction while the magne-
tizations M1 and M2 belong to the x-z plane.
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netic exchange interaction between the conduction electrons
spin and the magnetization of the layers M1 and M2. The
scattering problem for the Hamiltonian above can be easily
solved by imposing the appropriate boundary conditions on
the wave functions and their derivatives at the interfaces
�see, for instance, Ref. 18� and from the knowledge of the
scattering matrix the spin torque T� can be calculated using
the equations of the previous sections. The following consid-
eration is in order here: the presence of two magnetic layers
has the effect of allowing for multiple scattering of the elec-
trons between them, which gives rise to an explicit asymme-
try of the spin current and produces a finite spin-torque ef-
fect. In the following we employ the dimensionless
quantities: r1= 2mg1

�2kF
, r2= 2mg2

�2kF
, �R=

2m�r

�2kF
, and �L=

2m�l

�2kF
, where

kF is the Fermi wavelength, m=�me is the effective electron
mass, while � represents the ratio between the effective and
the bare electron mass me. The distances are made dimen-
sionless by multiplying by kF, i.e., a→kFa.

A. Linear response of the spin torque by means of dc voltage
bias

Here we present the results of the spin torque per unit of
area under small variation of dc voltage bias eV /2, i.e., the
torkance. The explicit expression of the spin torque in terms
of the electron-spin density, the exchange couplings and the
noncollinearity between the magnetizations of magnetic lay-
ers M1 and M2 is reported in Appendix. In the following we
use polar coordinates for the magnetizations M� 1=M1n̂1, n̂1

= �sin���cos��� , sin���sin��� , cos����, and assume that M� 1

and M� 2 lie in the plane x-z. In this case we have n̂1
= �sin��� ,0 ,cos����, where the � represents the angle be-
tween M� 1 and M� 2 �notice that n̂2= �0,0 ,1��.

In Fig. 2 the three components of the torkance are shown
as a function of angle � between the magnetizations of the
regions M1 and M2 and by fixing the remaining parameters
as follows: kFa=2, r1=0.5, r2=1, �L=0.1, and �R=1. Simi-
larly to other works, we find that all the torque components
and consequently the torkance vanish when M1 and M2 are
parallel or antiparallel, as explicitly shown in Appendix. Fur-
thermore, the z component Tz of the torkance is very small

compared to Tx and Ty while the component Ty is the stron-
gest. This last component of the torkance follows a sin �
behavior for the specific values of magnetic interactions con-
sidered in Fig. 2 ��R��L�.19 This can be easily understood
as follows: when the nonspin-polarized electrons are incident
on the magnetic layer M2, spin-filtering effects removes the
component of the spin angular momentum perpendicular to
the layer magnetization from the current acting as a polarizer
along the z direction. Thus the polarized electrons with spin
density Sz scattered off M2 and incident on M1 generate an
effective torque on the layer momentum M1 proportional to
the sin � �see Eq. �A2��. The negative sign of Ty is due to the
fact that electrons with spins parallel to the moment of the
magnetic region M2 have a larger transmission probability
compared to those antiparallel. In the case of symmetric ex-
change couplings �R��L we find that only the component
of the torkance orthogonal to the plane of the magnetizations
Ty acquires relevant values while Tx, Tz are suppressed and
the dependence on the angle � deviates from the simple
sin �.

In Fig. 3 the components of the torkance are shown as a
function of the semidistance a between the gates G1 and G2
and by fixing the remaining parameters as follows: �=1.5,
r1=0.5, r2=1, �L=0.1, and �R=1. For a mesoscopic system
characterized by a de Broglie wavelength ��20–30 nm the
dimensionless distance kFa=1 would correspond to 3.18–
4.78 nm. As shown in the figure, the torkance presents a
characteristic oscillatory behavior with the semilength of the
central region a. These oscillations can be regarded as a
quantum-size effect. They reflect the perfect ballistic regime
of electron transport through the spin valve. The physical
mechanism behind the oscillations is the interference effect
of the electrons propagating across the nonmagnetic-
magnetic interface from the right lead to the left lead and
electrons propagating backward.20 The particular value of the
oscillation follows from the values of the spin-dependent
Fermi wave vector.

In Fig. 4 we plot Tx,y,z as a function of the strength r2 of
the right barrier �controllable via the gate G2� by fixing the
other parameters as: �=1.5, r1=0.5, kFa=2, �L=0.1, and
�R=1. The torkance of course depends crucially on the trans-
parency of the barrier and thus the components Tx,y decreases
with increasing barrier height becoming comparable to Tz.
An interesting feature appears by increasing the Zeeman in-

0 1 2 3 4 5 6
�0.02

�0.01

0.00

0.01

0.02

Θ

T
x,

y,
z

FIG. 2. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of the angle � between M1 and M2. The parameters have been fixed
as follows: kFa=2, r1=0.5, r2=1, �L=0.1, and �R=1. When the
magnetization directions of the layers M1 and M2 are parallel or
antiparallel the torkance vanishes.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
�0.025
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�0.015
�0.010
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0.000
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0.010
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T
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y,
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FIG. 3. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of the semidistance a between the gates G1 and G2. The parameters
have been fixed as follows: �=1.5, r1=0.5, r2=1, �L=0.1, and �R

=1.
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teraction �L as shown in Fig. 5: for values of �L above 0.2
the z component of the torkance Tz starts to assume relevant
values. In fact the magnetic interaction becomes more effec-
tive in aligning the electron spins along the magnetic mo-
ment of the layer M1 thus reducing the contribution to the
gradient of spin current.

B. Spin-torque generation by means of adiabatic quantum
pumping

An alternative way to generate a spin torque is the adia-
batic quantum pumping technique. As explained above we
keep the two external leads at the same chemical potential
and in order to generate a spin current we modulate out-of-
phase in time the two barrier heights r1 and r2 by the gate
voltages G1 and G2,

r1�t� = r1
0 + r1

� sin��t� ,

r2�t� = r2
0 + r2

� sin��t + �� . �21�

Thus by using Eq. �19� the �th component of the torque in
the adiabatic regime, i.e., to leading order in the frequency
pump, is given by

T� =
��r1

�r2
� sin���

8�
�
�


Tr�A�
�
 + A�

�
†� . �22�

In the weak pumping regime �i.e., ri
0�ri

�� considered here,
T� presents a sin��� behavior with respect to the pumping
phase � and thus in the following analysis we set �=� /2.

Concerning the frequencies of the pump, we can safely
consider as adiabatic the frequencies for which �� is smaller
than the first gap in the electron energy spectrum such that
the system lies in its ground state.13 For simplicity, by con-
sidering the energy spectrum of a particle confined in a box,
we easily find that the threshold frequency is �̃� h

2m�L2 ,
where L is the length of the system while m�=�me is the
effective mass of the electrons. Thus for a system with L
=1.5 �m and effective mass ratio �=0.023, �̃�43.4 GHz
which is consistent with the values of the frequencies of
quantum pumping in quantum dots. For a smaller system
characterized by L=0.5 �m and �=0.023 we obtain �̃
�396.5 GHz which is a more convenient value to achieve
in experiments. In Fig. 6 we plot the components T� as a
function of the angle � between the magnetization M1 and
M2 and by fixing the other parameters as follows: r1

�=r2
�

=0.2, �L=0.9, r1
0=0.5, r2

0=0.3, kFa=1, and �R=1. Compared
to the case of dc bias, the � dependence of the torkance is not
a simple sin � form because the strength of the magnetic
interactions �L and �R is comparable and thus both cos � and
sin � terms contribute �see Appendix�. Moreover as in the
previous analysis, while the components of the torkance Tx
and Tz assume very small values in the parameter region
considered, the Ty component presents relevant values. In
Fig. 7 we show the spin torkance Tx,y,z as a function of the
semidistance a between the gates G1 and G2, for the remain-
ing parameters: r1

�=r2
�=0.2, �L=0.9, r1

0=0.5, r2
0=0.3, �R=1,

and �=1. Compared to the case in which the spin torque is
generated by an external dc bias, more harmonics are present
in the torque dependence on a. This behavior can be quali-
tatively explained by the fact that the torque generated by the
pumping procedure is related to the parametric derivatives of
the scattering matrix. In Fig. 8 we show the spin torkance
components Tx,y,z as a function of the static part of the di-
mensionless barrier strength r2

0 controlled by G2 while the
remaining parameters have been fixed as follows: r1

�=r2
�

0 1 2 3 4 5
�0.020
�0.015
�0.010
�0.005

0.000
0.005
0.010

r2

T
x,

y,
z

FIG. 4. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of the nondimensional barrier strength r2 controlled by G2. The
parameters have been fixed as follows: �=1.5, r1=0.5, kFa=2, �L

=0.1, and �R=1.
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T
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FIG. 5. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� plotted in units of area as a function
of �L controlled by the magnetic momentum in the region M1. The
remaining parameters have been fixed as follows: �=1.5, r1=0.5,
r2=0.8, kFa=2, and �R=1.
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FIG. 6. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of � between M1 and M2. The remaining parameters have been
fixed as follows: r1

�=r2
�=0.2, �L=0.9, r1

0=0.5, r2
0=0.3, kFa=1, and

�R=1.
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=0.2, �L=0.9, r1
0=0.5, kFa=1, �R=1, and �=1. As shown,

for increasing values of the static barrier strength r2
0 the

torque pumped in the system vanishes. Indeed, the reduction
in the spin current from the external leads reduces the gradi-
ent of the current and thus the spin torque is strongly sup-
pressed. In the case of pumping, the suppression of the
torque by increasing the barriers height may be in general
stronger compared to the dc case. In Fig. 9 we show the spin
torkance components Tx,y,z as a function of the Zeeman in-
teraction �L for the other parameters: r1

�=r2
�=0.2, r2

0=1, r1
0

=0.5, kFa=1, �R=1, and �=1. A behavior similar to the one
presented in Fig. 5 is found. The magnetic interaction of the
electron spins with the magnetic moment of M1 causes a
suppression of the torque above �L�1.7 thus acting like an
energy barrier for the electrons.

VI. LOCAL SPIN TORQUE AND SPIN VALVES CASE

Up to now the properties of the total spin torque �i.e., the
sum of the spin torques generated on the two magnetic lay-
ers� under the effect of dc or ac external forcing terms have
been studied. However, when the magnetization direction of
a given layer is fixed �fixed layer� only the magnetization
direction of the other, the so-called free layer, can be affected
by the local torque induced by the gradient of a spin-
polarized current. In this situation, typical of spin-valve ex-
perimental setups, the torque generated on the free layer has

important implications due to the possibility of producing a
current-induced magnetization reversal detectable, for in-
stance, by magnetoresistance measurements. In our setup of
Fig. 1, suppose the layer M1 represents the free layer, being
M2 the fixed layer whose magnetization direction is n̂2

= �0,0 ,1�. The torque generated on M1, i.e., T�1, lies on the
plane perpendicular to the magnetization direction n̂1

= �sin��� ,0 ,cos���� of the free layer since n̂1 ·T�1=0 �see the
structure of Eq. �A1� in Appendix�. For the configuration in
Fig. 1, it is possible to write the projection of T�1 parallel and
perpendicular to the mentioned plane by introducing the fol-
lowing set of basis vectors

�̂� =
n̂2 	 n̂1

�n̂2 	 n̂1�
= ŷ ,

�̂� =
n̂1 	 �n̂2 	 n̂1�
�n̂1 	 �n̂2 	 n̂1��

= − x̂ cos��� + ẑ sin��� . �23�

The torque acting on the free layer can thus be presented in
the form T�1=T1

� �̂� +T1
��̂�, where

T1
� = T�1 · �̂� = T1,y ,

T1
� = T�1 · �̂� = − T1,x cos��� + T1,z sin��� . �24�

To calculate the torque components acting on the free layer
at x=−a we make use of the scattering matrix approach pre-
sented in Sec. III and of the following formula

�T��x = − a�� =
2�l

�
�n̂�x = − a� 	 �S��x = − a����, �25�

where n̂�x=−a�� n̂1 and the average spin density
�S��x=−a�� is calculated using its definition and Eq. �5�. The
explicit expressions in the dc case are shown below

T1
� = −

w�L

2�
Tr��yS

12S12†� ,

T1
� =

w�L

2�
Tr��sin����z − cos����x�S12S12†� , �26�

where w=eV /2. The torque components acting on the free
layer in the case of pumping are instead
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FIG. 7. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of the semidistance a between the gates G1 and G2. The remaining
parameters have been fixed as follows: r1

�=r2
�=0.2, �L=0.9, r1

0

=0.5, r2
0=0.3, �R=1, and �=1.
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FIG. 8. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of the static part of the dimensionless barrier strength r2

0. The re-
maining parameters have been fixed as follows: r1

�=r2
�=0.2, �L

=0.9, r1
0=0.5, kFa=1, �R=1, and �=1.
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FIG. 9. �Color online� Torkance Tx �dashed line�, Ty �dashed-
dotted line�, and Tz �full line� in units of area plotted as a function
of �L. The remaining parameters have been fixed as follows: r1

�

=r2
�=0.2, r2

0=1, r1
0=0.5, kFa=1, �R=1, and �=1.
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T1
� =

���L

8�
r1

�r2
� sin����




Tr�Ay
1
 + Ay

1
†� ,

T1
� = −

���L

8�
r1

�r2
� sin����




Tr�sin����Az
1
 + Az

1
†� − cos���

	�Ax
1
 + Ax

1
†�� , �27�

where A�
�
= i��r2

S�
�0
†����r1

S�
�0 with �=x ,y ,z. Equations
�26� and �27� represents the main result of this work concern-
ing the spin valves context.

A. Results for the dc case

In Sec. VI A we present numerical results for the perpen-
dicular and parallel components of the spin torque acting on
the free layer as obtained by Eq. �26�. In the figures the
torque components will be normalized to the quantity w
=eV /2 and thus we define T� =T1

� /w and T�=T1
� /w.

In the upper panel of Fig. 10, we report the torkance T�

�full line� and T� �dashed line� as a function of the angle �
between the M1 and M2 and by setting the remaining param-
eters as: kFa=2, r1=0.5, r2=1, �L=0.1, and �R=1. As
shown, the perpendicular component of the torkance T�

takes values greater than the parallel component while a
sinusoidal behavior with respect to � is observed for both
curves. Putting to zero the electrostatic gates r1 and r2 �lower
panel� a strong suppression of the perpendicular component
of the torkance is observed while the parallel component T�

remains almost unchanged. The strong perpendicular compo-
nent of the torkance can thus be related to the presence of
local electrostatic potentials along the transport direction.
This behavior can also be understood when looking at tor-
kance as a function of the magnetization strength �L of the
free layer. In the upper panel of Fig. 11 we report the behav-
ior of T�,� as a function of �L by setting the remaining pa-
rameters as: kFa=2, r1=0, r2=0, �=� /2, and �R=1. In that
figure computed in the absence of local electrostatic poten-
tials r1,2, when �L takes values lesser than �L�0.2, one ob-
serves that the condition T� �T� is verified. On the other
hand, when some electrostatic potential is present, as shown
in the lower panel of Fig. 11, the parallel and perpendicular
component of the torkance take similar values for 0��L
�0.15. These properties are important in understanding the
relevant parameters region where the proposed model is able
to capture the spin-valve phenomenology. In fact in such
systems, a well-known property is that the parallel compo-
nent of the torque is dominant over the perpendicular one. In
the upper panel of Fig. 12 we represent the components of
the torkance as a function of the semidistance kFa between
the electrostatic gates G1 and G2 by setting the remaining
parameters as: r1=0.5, r2=1, �=1.5, �L=0.1, and �R=1.
When the strength of the electrostatic local potential r1,2 is
set to zero, as done in the lower panel of the same figure, T�

becomes negligible and the T� component shows an oscillat-
ing behavior with respect to kFa as already shown in Fig. 3.
In particular, for small values of r2 and by setting, for in-
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FIG. 10. �Color online� Torkance T� �full line�, T� �dashed line�
in units of area plotted as a function of the angle � between M1 and
M2. The remaining parameters have been fixed for the upper panel
as: kFa=2, r1=0.5, r2=1, �L=0.1, and �R=1 while for the lower
panel: kFa=2, r1=0, r2=0, �L=0.1, and �R=1. Notice that the phe-
nomenology observed in the spin-valve systems, i.e., T� �T� is
visible in the lower panel.
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FIG. 11. �Color online� Torkance T� �full line�, T� �dashed line�
in units of area plotted as a function of �L. The remaining param-
eters have been fixed for the upper panel as: kFa=2, r1=0, r2=0,
�=� /2, and �R=1 while for the lower panel: kFa=2, r1=0, r2

=0.15, �=� /2, and �R=1. Notice that the increasing of the barrier
strength r2 �lower panel� produces an enhancement of the perpen-
dicular component of the spin torque as evident in the region 0
��L�0.15.
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stance, the model parameters as r1=0, kFa=2, �=� /2, �L
=0.15, and �R=1, we observe that the torkance behavior can
be well represented by the relations T��r2��−�r2, T��r2��
−
, where ��1.43	10−2 and 
�2.25	10−3. This behav-
ior is qualitatively correct for 0�r2�0.1 and clarifies the
role of the scattering potential in originating the perpendicu-
lar component of the spin torque even in the linear response
to the dc bias applied to the nanostructure.21

B. Results for the pumping case

In Sec. VI B we present numerical results for the perpen-
dicular and parallel components of the spin torque generated

on the free layer by using Eq. �27� in the case of ac external
potentials. In the figures the torque components are normal-
ized with respect to the quantity �� /2 and thus we set
T� =T1

� / ��� /2� and T�=T1
� / ��� /2� while the pumping phase

will be set to �=� /2 as done in previous sections. In Fig. 13
T� �full line� and T� �dashed line� are shown as a function of
the angle �. Due to the finite values of the electrostatic po-
tentials r1,2 we observe that T��T�. In particular, the param-
eters of this figure have been chosen as in Fig. 6 where the
total torkance has been represented. Apart from some simi-
larities between the behavior of Ty in Fig. 6 and T� in Fig.
13 �notice that T���=1��Ty��=1� /2� a direct comparison
between the total torque discussed in the previous sections
and the torque acting on the free layer is not possible since a
local coordinates system has been used instead of the global
one employed in the first part of this paper. In Fig. 14 we
report the torkance components as a function of the semidis-
tance kFa between M1 and M2 setting the remaining param-
eters as done in Fig. 7. Indeed, one can notice that the torque
components present similar strength and oscillatory behavior
of the one displayed by Ty in Fig. 7. To complete our analy-
sis, we compute the torkance T�,� as a function of the static
part of the dimensionless barrier strength r2

0 by setting the
model parameters as done in Fig. 8. As shown in Fig. 15 for
large values of the static part of the local potential r2

0 the
torque components become negligible as already discussed
in previous sections. Very interestingly, for values of r2

0 close
to 1.4 the proposed device can selectively pump on the free-
layer nonvanishing values of T� or T�.
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FIG. 12. �Color online� Torkance T� �full line�, T� �dashed line�
in units of area plotted as a function of the semidistance kFa be-
tween the gates G1 and G2. The remaining parameters have been
fixed for the upper panel as: r1=0.5, r2=1, �=1.5, �L=0.1, and
�R=1. The lower panel has been computed setting the r1=r2=0,
being the remaining parameters unchanged with respect to the up-
per panel. Notice that the perpendicular component of the spin
torque is strongly enhanced by the presence of local electrostatic
potentials �i.e., nonvanishing values of r1,2�.
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FIG. 13. �Color online� Torkance T� �full line�, T� �dashed line�
in units of area plotted as a function of � between M1 and M2. The
remaining parameters have been fixed as follows: r1

�=r2
�=0.2, �L

=0.9, r1
0=0.5, r2

0=0.3, kFa=1, and �R=1.
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FIG. 14. �Color online� Torkance T� �full line�, T� �dashed line�
in units of area plotted as a function of the semidistance a between
the gates G1 and G2. The remaining parameters have been fixed as
follows: r1

�=r2
�=0.2, �L=0.9, r1

0=0.5, r2
0=0.3, �R=1, and �=1.
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FIG. 15. T�Color online� orkance T� �full line�, T� �dashed line�
in units of area plotted as a function of the static part of the dimen-
sionless barrier strength r2

0. The remaining parameters have been
fixed as follows: r1

�=r2
�=0.2, �L=0.9, r1

0=0.5, kFa=1, �R=1, and
�=1.
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VII. CONCLUSIONS

Within the scattering matrix approach we studied the spin
torque and its linear response generated by dc or ac external
perturbations acting on a quasi-one-dimensional multilayered
system consisting of a sequence of magnetic/nonmagnetic
regions. In particular, we studied the spin torque of a
magnetic-nonmagnetic-magnetic trilayer connected to metal-
lic nonmagnetic leads. We have focused on the effect of spin
filtering as the mechanism for current-induced torque, i.e.,
the difference in the transmission and reflection probabilities
for electrons with spins parallel and antiparallel to the mo-
ments of the magnetic layers. The torkance generated by the
application of a dc bias to the external leads was analyzed as
a function of the relative orientation � between the magneti-
zations of the magnetic regions, the length 2a of the non-
magnetic spacer, the barriers transparencies and the Zeeman
couplings. From the analysis we observed that the spin
torque and the torkance vanish when the magnetizations of
M1 and M2 are parallel or antiparallel, while an oscillating
behavior was observed as a function of a, indicating a
quantum-size effect. When the transparencies of the tunnel
barriers at the interfaces between the magnetic/nonmagnetic
layers are lowered, a strong suppression of the torkance is
observed due to the reduction of the spin fluxes through the
barriers. Similar effects were found as a function of the
strength of the magnetic interaction �L. As an alternative to
considering external dc bias, we proposed a current-induced
spin torque based on quantum pumping, generalizing the
original idea of Thouless for the charges.13 We formulated a
scattering matrix theory of the spin-torque pumping. By
modulating in time the strength of the two out-of-phase tun-
nel barriers at the interface between the magnetic/
nonmagnetic layers, spin-polarized currents were produced
in the leads and a gradient of spin current responsible for the
spin torque was generated. By studying the spin-torque com-
ponents to leading order in the pumping frequency, we ob-
served different signatures of the magnetic reversal mecha-
nism due to the pumping procedure. For instance, within the
weak pumping limit additional harmonics were observed in
the oscillations of T� vs the length of the nonmagnetic region
2a and a stronger suppression of the spin torque at increasing
the barrier heights. Thus the pumping mechanism could offer
an additional tool to study experimentally the magnetic re-
sponse of metallic heterostructures. We have limited our
analysis to the quasi-one-dimensional layered structure but
we expect sizable changes in the two-dimensional case. In
fact when integrating over all the Fermi surface there is a
reduction in the transverse spin components because of

phase cancellation effects in the distribution of the spin-
rotation angles and an investigation along this direction is in
progress. Experimentally, current-induced spin torque has
been realized in Co/Cu/Co sandwich structures22,23 and in
Py/Cu/Py heterostructures.24 Our proposal can also be real-
ized by using two ferromagnetic EuS barriers coupled to Al
leads and separated by an Al2O3 spacer of few tens of na-
nometers by modifying, for instance, the experimental setup
studied in Ref. 25.

APPENDIX: ANALYTICAL EXPRESSION OF THE TOTAL
SPIN TORQUE GENERATED ON THE M-NM-M

SYSTEM

We report the explicit expression of the total spin torque
�T�=T�,l+T�,r� in terms of the exchange interactions, spin
densities, and noncollinearity between the magnetizations.
Starting from Eqs. �2� and �3� and considering the case in
which the exchange interaction between the incident spins
and the magnetizations of M1 and M2 is of the form
��x�=�l��x+a�+�r��x−a�, we get the following expression
for the �th component of the torque

T� =
2

�
��l�n̂�x = − a� 	 S��x = − a���

+ �r�n̂�x = a� 	 S��x = a���� , �A1�

where n̂�x=−a�= �sin��� ,0 ,cos����, n̂�x=a�= �0,0 ,1�, while
S��x= 
a�=�†�
a� �

2 �� ��
a� is the spin density at x= 
a.
After explicit manipulation of Eq. �A1�, one obtains the ex-
pression of the total torque

T� =
2

�
�− x̂��rSy�a� + �lSy�− a�� + ŷ��l cos���Sx�− a�

+ �rSx�a� − �l sin���Sz�− a�� + ẑ��lSy�− a�sin����� ,

�A2�

consisting of the sum of the spin torque delivered on the left
and right magnetic layer. Equation �A2� shows that for
�=0,� the spin torque T� is identically zero. Indeed, for col-
linear magnetizations located at x= 
a, the only nonvanish-
ing component of the spin density is Sz �while Sx=Sy =0� but
it does not contribute to the torque since its prefactor is
sin���.

Finally, the total torque, as described in this appendix, can
be a meaningful quantity in characterizing the domain-wall
motion induced in magnetic nanowires �in the latter case the
system depicted in Fig. 1 is imagined as a single magnetic
domain26�, while in the spin valves case Eqs. �26� and �27�
should be used.
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